Abstract. The Voronoi region of a lattice Ln R is the convex polytope consisting of all points of I that are closer to the origin than to any other point of Ln. In this paper we calculate the second moments of the Voronoi regions of the lattices E6*, E7*, K12, A16 and A24. The results show that these lattices are the best quantizers presently known in dimensions 6, 7, 12, 16 and 24. The calculations are performed by Monte Carlo integration, and make use of fast algorithms for finding the closest lattice point to an arbitrary point of the space. We also establish two general theorems concerning the number of faces of the Voronoi region of a lattice.
where N(x)= x.x denotes the norm of a vector (cf. [10] and the references given there). where det (L), the determinant of L, is the square of the volume of ([10] , [22] , [39] ). G(L) is a normalized second moment of about the origin. (The formula (1) assumes that the input to the quantizer is uniformly distributed over a large region of , and the number of output levels is very large.) G(Ln) measures the average error introduced when points of Nn are replaced by the closest lattice points. If we use the 1-dimensional integer lattice 7/as a quantizer, the average error is G(7/)= 1/12 =0.08333....But by using higher-dimensional lattices this can be reduced (see Table 1 and Fig. 2) . The expression for G(Ln) in (1) has been scaled so as to provide a proper comparison between quantizers of different dimensions. In 1953 Fejes T6th ( [20] , see also [30] ) proved that the hexagonal lattice A2 is the optimal lattice quantizer in two dimensions, i.e., has the smallest value of G(L2), namely 5/36/=0.0801875. .. He also showed that no nonlattice quantizer can do better. Gersho [22] computed G(A3), G(A') and G(D4), and conjectured that A3* (D3*) is the optimal lattice in three dimensions. This conjecture was established in [2] . In an earlier paper [10] we determined the Voronoi regions and evaluated G for all the root lattices A,,(n >-1), Dn(n >-3), E6, E7, E8 (=E8*) and the dual lattices An* (n _-> 1) and D* (n _-> 3). We observed that the optimal lattice quantizer was often There the best lattice coverings are known to be A4* and As* [33] , yet D4* and Ds* are better quantizers (see Fig. 2 ). In higher dimensions, the best coverings known are A*, if n <-23, and then various lattices constructed from A2411].
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So it seems likely that, in all dimensions between 4 and 23, the best lattice quantizers and coverings are distinct.
The values of G for various lattices are compared in Fig. 2 , the values for An, A*, Dn, D*, E6, E7 and E8 being taken from [10] . In 1964 Zador proved by a nonconstructive argument that good quantizers exist in sufficiently high dimensions, and observed that the second moment of a sphere gives a bound in the other direction (see [39] , and also [22] , [10, Eq. (3)]). These two bounds are also plotted in the figure.
We [9] , [11] .) The best quantizing algorithms we have found for these lattices, and the values of G that were obtained, are given in 3-7.
If a more complete description of the polytopes were available, we could determine G exactly by decomposing each polytope into simplices and using the methods of [10] . Unfortunately little is known about the polytopes of these lattices.
For E6* and ET*, for example, even the covering radius (the distance of the furthest vertex of from the origin) is unknown, although it is known for all the other lattices mentioned [8] , [10] , [13] , [15] , [17] . In 8 we establish two theorems which help determine the number of (n-1)-dimensional faces of , and in the last section we use them to study the Voronoi region of KI2.
Notation. If Ln is a lattice in n (the subscript indicates the dimension), the dual lattice L* {x n. x. y 7/ for all y Ln}. Two lattices Ln and M are equivalent, written Ln M, if they differ only by a rotation and possibly a change of scale. The direct sum of k copies of L is written L k. For further information about these lattices see [4] , [10] , [13]- [17] , [27] , [31] , [36] , [37] .
2. Monte Carlo integration over a Voronoi region. The Monte Carlo technique that we use to calculate G is slightly unusual. We wish to find I := x. x dx. Conventional Monte Carlo methods ([24] , [25] , [28] , [34] ) would begin by replacing ! by X(x)x" x dx, where is a region enclosing , usually a sphere or a cube, and X,(x) is 1 if x , 0 otherwise. This is wasteful, since points in do not contribute to the estimate. The following approach avoids this difficulty, by exploiting our fast quantizing algorithms.
Let vl), 
is an estimate of L and whensuitably scaled (see (1)) produces our estimate ( of G.
To estimate the variance of/, we group the measurements into g sets of h, and use the jackknife estimator (see [29] , [32] , [38] )"
where
By taking the square root of (3) and scaling, we obtain an estimate for the standard deviation of G, and then ( + 2 is our final estimate for G. The portable random number generator on the PORT library [21 ] , which combines a congruential generator and a Tausworthe generator, was used to produce the u's.
To test this procedure we applied it first to the lattices E6, E 7 and Es, for which the exact value of G is known [10] . The respectively. (For example (7a) is obtained from the real and imaginary parts of (5) and o) times (5).) To find a quantizing algorithm for any of these lattices, we proceed as follows, following [11] . Inside our lattice Ln we look for a sublattice Sn, of small index (say), for which quantizing is easy. Suppose and has index 9 in E6*, with coset representatives given in Table 2.   TABLE 2 Coset representatives a(), , a (8) for S in E*6 O,
It is easy to design a quantizer for the hexagonal lattice A2 (and hence A23), either using the fact that A2 is the union of a rectangular lattice and a translate, as suggested by Gersho [ Given w (w,..., WG), to find the closest lattice point of E 6 (or E).
Subtract one of coset representatives a (i), obtaining z w-a (i)= (ZI," Z6).
Divide the corresponding complex vector by 0, i.e., form The final answer is the candidate which minimizes N(w-c()).
We used this algorithm in the Monte Carlo procedure described in 2, in order to estimate G (E 6"). With 5 10 6 random points we obtained (9) 0(E6*) 0.074239 + 0. [4] , [16] , [13] , [27] ). Similarly ET* may be obtained from the [7, 4, 3] (10) 0(E7*) 0.073124 + 0.000013. This is slightly better than the value for E7, which is 0.07323063....
The
Coxeter-Todd lattice K12. The real 12-dimensional lattice K12 was first described in [18] . It is the subject of our earlier paper [15] , and further properties will be found in 9 below and in [13] , [14] , [27] . Since it is the densest sphere packing known in 12 dimensions [13] , [27] , and is also equivalent to its dual, according to the conjecture mentioned in 1 it is a good candidate for a quantizer. The same remark applies to the lattices A16 and A24 studied in the following sections.
Regarded as a complex 6-dimensional 7/[w]-lattice, K12 has the generator matrix K12 has a sublattice isomorphic to A26, of index 64, namely the real version of the lattice 27/[09]6. The coset representatives correspond to the codewords of the hexacode (the code over GF(4) {0, 1, to, o3} spanned by the last three rows of (11)). This leads to a quantizing algorithm similar to those for E6 and E6* described in 3.
There are alternative definitions of K12 (see [15] ), which make four other sublat- 
( (K2) 0.070100 + 0.000024.
The Barnes-Wall lattice A16o
The lattice A16 was first described in [3] . Other references are [13] and [27] , and a generator matrix is given on page 336 of [37] . A16 has a sublattice 2D16 of index 32, with coset representatives which are the codewords of the [16, 5, 8] described in [11, IV] [7] , [8] , [19] ) basis is shown in Fig. 5 Fig. 6 . Because of the large index of the sublattice, this is by far the slowest of our quantizing algorithms. Using 25,000 points we found (14) t(A24) =0.065771 +/-0.000074.
8. An application of these theorems will be found in the following section.
9. The Voronoi region of Klz. We shall determine the number of faces of the Voronoi region of K12. We assume K12 is scaled so that the minimal norm is 2. It was shown in [15] that the covering radius of K2 is /4/3, and that there are 20, 412 vertices of at this distance from the origin, all equivalent under Aut (K12). Unfortu- nately nothing is known about other vertices of .
K12 is best studied via the corresponding 6-dimensional lattice A (see [15] ). The latter has several equivalent definitions, one of which may be seen in (11) . In this section, however, another construction is more convenient, the so-called 3- (1,-2, 1, 1, 1, 1 (0, 0, 0, 0, 0, -o0)3. We leave this verification to the reader, as well as the easy justification that the vectors of norms 2 and 3 are relevant.
Q.E.D.
